In this paper, we present a new approach to obtain trapezoidal approximation of fuzzy numbers with respect to weighted distance proposed by Nasibov [5] which the main property of this metric is flexibility in the decision maker's choice. Also, we prove some properties of the proposed method such as translation invariance, scale invariance and identity. Finally, we illustrate the efficiency of proposed method by solving some numerical examples.
Introduction
Trapezoidal approximation of fuzzy numbers could be considered in different applications. First, it is a simple method. The biggest simplification is realized via defuzzification, where a fuzzy number is reduced to a single point on the real line. Thus, defuzzification could be perceived an "approximation of the first kind". Next, we have interval approximation of a fuzzy number, where a fuzzy number is replaced by an interval which is characterized by two points on the real line. Hence, interval approximation could be "approximation of the second kind". Similarly, simplifying fuzzy number by triangular fuzzy number leads to "approximation of the third kind". Finally, proposed trapezoidal approximation might be treated as an "approximation of the fourth kind", because arbitrary fuzzy number is reduced to trapezoidal fuzzy number which is completely characterized by four points on the real line. However, it is widely known that by performing defuzzification, we lose too much information and it is better to preserve fuzzy information as long as possible [4] . In the recent years, triangular and trapezoidal fuzzy numbers have been widely applied in fuzzy control and fuzzy decision-making. Approximation of fuzzy numbers by means of trapezoidal fuzzy numbers is to simplify the calculation. Recently, various researchers studied approximation of fuzzy numbers, see [1, 3, 4] [7]- [11] . Grzegorzewski and Mrowka [4] proposed nearest trapezoidal approximation of fuzzy number by using Euclidean distance. Then, in [2] , the authors showed that the result of approximation of fuzzy number by using proposed method in [4] isn't always a trapezoidal fuzzy number. Then, the authors of [3, 5, 8] , improve the proposed method by Grzegorzewski and Mrowka [5] by different methods. Nasibove and Peker [7] showed with counter-examples that proposed trapezoidal approximation by Abbasbandy and Asady [1] may fail to be a trapezoidal fuzzy number, and therefore they introduced nearest parametric approximation operator.
In this paper, we propose a trapezoidal approximation of fuzzy numbers by using the ND1 distance proposed by Nasibov in [6] . As the author of [6] have mentioned, the ND1 distance on the basis of WABL (Weighting Average Based on Levels) makes it possible to express a strategy of estimating fuzziness for individuals responsible for making decisions in the course of determining the distance between fuzzy individuals. In addition, such a distance is sensitive to any form of the membership function of a fuzzy number, therefor we use this distance to find trapezoidal approximation of fuzzy numbers. The rest of this paper is organized as follows. In Section 2, we recall some definitions of fuzzy numbers and introduce weighted distance between fuzzy numbers proposed by Nasibov [6] . In Section 3, we present the method of the trapezoidal approximation of fuzzy numbers using the ND1 distance. Also, we discuss some properties of the proposed method such as translation invariance, scale invariance, identity, etc. Finally, in Section 4, some examples are presented to illustrate the efficiency of the method with comparing the results of the proposed method and the methods in [3, 7, 9] . 
A is convex
The set of all fuzzy numbers is denoted by F(R).
, where the parameters t 1 ,t 2 ,t 3 and t 4 are real numbers, and we have
The set of all trapezoidal fuzzy numbers is denoted by F T (R).
A trapezoidal fuzzy number is called triangular if and only if t 2 = t 3 holds.
Definition 2.4. [6]
The following values constitute the weighted averaged representative and weighted averaged width, respectively, of the fuzzy number A:
Here 0 ≤ c ≤ 1 denotes an "optimism/pessimism" coefficient in conducting operations on fuzzy numbers. The function
the distribution density of the importance of the degrees of fuzziness, where
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In practical cases, it may be assumed that
is called the ND1 distance between the fuzzy numbers A and B. [6] .
Trapezoidal approximation of fuzzy numbers
In this section, we use the ND1 distance between fuzzy numbers to find trapezoidal approximation of fuzzy numbers. Let A be a fuzzy number with its α − cut set [A L (α), A U (α)], our aim is to find a trapezoidal fuzzy number, T (A), with respect to metric ND1 defined in (2.4), such that it approximates fuzzy number A. Since a trapezoidal fuzzy number is completely described by four real numbers that are borders of its support and core, we find real numbers t 1 ,t 2 ,t 3 and t 4 such that t 1 ≤ t 2 ≤ t 3 ≤ t 4 . Clearly, the parameters t 1 ,t 2 ,t 3 and t 4 characterize T (A) = (t 1 ,t 2 ,t 3 ,t 4 ). Here, the α − cut set of trapezoidal fuzzy number
. Therefore, we will try to minimize the following distance
It is clear that in order to minimize ND1(A, T (A)) it is sufficient to minimize the function f (t 1 ,t 2 ,t 3 ,t 4 ) = ND1(A, T (A)) 2 . (3.5) , then these parameters satisfy in the following equations:
where
Proof. We have to solve the following system: Now, by using partial derivatives and hypothesis, we have:
)(I(A) − I(T (A))) + (D(A) − D(T (A)))] = 0, (3.11)
where B =
Since B ̸ = 0, 1, the equations (3.8) and (3.9) also (3.10) and (3.11) are equal. Therefore, to obtain the parameters t 1 ,t 2 ,t 3 and t 4 , we must solve the following system: {
−c(I(A) − I(T (A))) + (D(A) − D(T (A)) = 0, (1 − c)(I(A) − I(T (A))) + (D(A) − D(T (A)) = 0, or
Now, we have a system with four unknowns and two equations. Clearly, the two unknowns are free. Thus, the trapezoidal approximation of A, T (A), can be calculated in the following cases: 
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Proof. By substituting the hypothesis of cases 1-4 in (3.6), we can easily prove the theorem. 
Theorem 3.3. The trapezoidal approximation T : F(R) → F T (R) given in Theorem (3.2) has the following properties: (i) Scale invariance, that is T (λ A) = λ T (A)
for every λ ∈ (0, ∞) and A ∈ F(R).
(
ii) Translation invariance, that is T (A + z) = T (A) + z for every z ∈ R and A ∈ F(R). (iii) Identity criterion, that is T (A) = A for every A ∈ F T (R).
Proof. To prove (i) and (ii), it is sufficient to prove that the fuzzy number A satisfies in one of the cases in Theorem 3.2) iff the fuzzy numbers λ A and A + z satisfy in the same case. Let
Clearly, in any cases 1-4 of Theorem 3.2), we obtain
We have:
International Scientific Publications and Consulting Services
Clearly, if we apply an arbitrary case of Theorem 3.2), we obtain t i = a i , for every i ∈ {1, 2, 3, 4} and this completes the proof. Proof. By considering case 1 in Theorem 3.2), we have:
Therefore, we obtain:
and t 4 (A + B) = t 4 (A) + t 4 (B).
Thus, in this case T (A + B) = T (A) + T (B).
Similarly, we can prove other cases.
Numerical examples
In this section, we present several numerical examples which illustrate the efficiency of the method by considering the decision maker's strategy. Also, we apply p(x) = Example 4.1. The authors of [2] showed that the fuzzy number approximation [4] International Scientific Publications and Consulting Services
Conclusion
In this paper, we proposed a new approach to obtain a trapezoidal approximation of an arbitrary fuzzy number. This approach is based on the defined distance in [6] called "the ND1 distance". Also, we proved some properties of this approximation (Theorems (3.3)-(3.4) ). Moreover, to illustrate the efficiency of the proposed method, we presented some numerical examples.
